Abstract. Let l be a prime. We show that there do not exist any non-zero semi-stable abelian varieties over Q with good reduction outside l if and only if l = 2, 3, 5, 7 or 13. We show that any semi-stable abelian variety over Q with good reduction outside l = 11 is isogenous to a power of the Jacobian variety of the modular curve X 0 (11). In addition we show that there do not exist any non-zero abelian varieties over Q with good reduction outside l acquiring semi-stable reduction at l over a tamely ramified extension if and only if l ≤ 5.
Introduction.
In this paper we study abelian varieties over Q that have good reduction at all primes except one. Denoting this one bad prime by l, our first result is concerned with abelian varieties that are semi-stable at l. Examples of these are provided by the Jacobian varieties J 0 (l) of the modular curves X 0 (l). For l = 11 or l ≥ 17, these are non-zero abelian varieties. In the other direction we prove for the primes l for which J 0 (l) is zero -i.e. for l = 2, 3, 5, 7 and 13-the following result. Theorem 1.1. Let l be a prime. There do not exist any non-zero semi-stable abelian varieties over Q that have good reduction at every prime different from l if and only if l = 2, 3, 5, 7 or 13.
For the prime l = 11 we show the following. Theorem 1.2. Every semi-stable abelian variety over Q that has good reduction outside the prime 11 is isogenous to a power of J 0 (11). Jacobian varieties J 0 (l 2 ) of the modular curves X 0 (l 2 ) are other examples of abelian varieties over Q that have good reduction at all primes different from l. These abelian varieties are not semi-stable at l. However, S.J. Edixhoven [5] showed that J 0 (l 2 ) acquires semistable reduction at l over an extension that is merely tamely ramified at l. When l ≥ 7 the abelian varieties J 0 (l 2 ) are not zero. In this paper we prove for the primes l for which J 0 (l 2 ) is zero -i.e., for l = 2, 3 and 5-the following theorem. Theorem 1.3. Let l be a prime. There do not exist any non-zero abelian varieties over Q that have good reduction at every prime different from l and that acquire semi-stable reduction at l over an extension of Q that is at most tamely ramified at l if and only if l = 2, 3 or 5.
For l = 7 the dimension of J 0 (l 2 ) is 1. It is not unlikely that every abelian variety over Q with good reduction outside 7 and acquiring semi-stable reduction at 7 over an extension that is at most tamely ramified at 7, is isogenous to a power of J 0 (49), but I was not able to prove this.
Our results are consistent with conditional results obtained by J.-F. Mestre [12, III] . Mestre's methods are analytic in nature. He assumes that the L-functions associated to abelian varieties over Q admit analytic continuations to C and he applies A. Weil's explicit formulas. Our results do not depend on any unproved hypotheses. In a recent paper [3] A. Brumer and K. Kramer prove Theorem 1.1 for primes l ≤ 7. In this paper we prove the somewhat stronger Theorem 1.3 for the primes l = 2, 3 and 5, while in addition to l = 7, we take care of the primes 11 and 13. Our proof, like the one by Brumer and Kramer, proceeds by studying for a suitable small prime p = l, the p n -torsion points A[p n ] of abelian varieties A that have good reduction at every prime different from l and that either have semi-stable reduction at l or acquire it over a tamely ramified extension. When l = 2, 3, 5, 7 or 13 we show for every n ≥ 1 that the group scheme A[p n ] is an extension of a constant group scheme by a diagonalizable one. This leads to a contradiction when dim(A) > 0. The way in which the contradiction is obtained differs from Brumer and Kramer's method. Our method is closer to the approach taken by J.-M. Fontaine in [7] .
For l = 11 things are more complicated. In this case there may exist group schemes of p-power order that are not extensions of a constant group scheme by a diagonalizable one. Indeed, for p = 2, the 2-torsion subgroup scheme of J 0 (11) is an example of such an 'exotic' group scheme.
Finally we mention F. Calegari's result [4] . Under assumption of the Generalized Riemann Hypothesis, he determines all squarefree n > 0 for which there do not exist any non-zero abelian varieties over Q with good reduction at all primes not dividing n while the reduction at the primes dividing n is semi-stable. These turn out to be the squarefree n for which the genus of X 0 (n) is zero: n = 1, 2, 3, 5, 6, 7, 10 and 13.
For any pair of distinct primes p and l we introduce in section 2 two categories C and D of finite flat group schemes of p-power order over the ring Z[ . In terms of these we formulate in section 3 two simple criteria for Theorem 1.1 or 1.3 to hold. Each criterion has two parts. One involves the extensions of the group schemes µ p by Z/pZ over Z[
We determine these in section 4. The other is concerned with the simple objects in in the categories D and C respectively. In sections 5 and 6 we determine these for a very short list of pairs (p, l). Theorems 1.1 and 1.3 follow from this. We deal with the prime l = 11 and prove Theorem 1.2 in section 7. Section 8 contains a theorem concerning p-divisible groups that is essential for our proof of Theorem 1.2.
I thank Frank Calegari for pointing out that the methods used to prove Theorem 1.1 could also be used to prove Theorem 1.3.
2. Two categories of finite flat group schemes over Z[ 1 l ]. Let p and l be two distinct primes. By Gr we denote the category of finite flat commutative p-power order group schemes, or p-group schemes for short, over Z[
. In this section we introduce two full subcategories of Gr. In terms of these we formulate in the next section two criteria for Theorems 1.1 and 1.3 to hold.
Definition 2.1. Let p and l be two distinct primes. (i) The category C is the full subcategory of Gr of group schemes G for which the inertia group of every prime over l acts tamely on G(Q).
(ii) The category D is the full subcategory of Gr of group schemes G for which we have that (σ − id) 2 = 0 on G(Q) for all σ in the inertia group I l of any of the primes l lying over l.
Since every group scheme G in the category D has p-power order, the relation (σ −id) 2 = 0 implies that σ p n = id for some n ≥ 0. This implies that every inertia group I l acts through a finite p-group on G(Q). Since p = l, this action is tame and hence D is a full subcategory of C:
We now exhibit several objects in the categories C and D. The first examples explain the very definition of these two categories.
1. By A. Grothendieck's semi-stable reduction Theorem [8, Exp.IX, (3.5.
3)], the subgroup schemes A[p n ] of p n -torsion points of semi-stable abelian varieties A over Q that have good reduction outside l are objects of D and hence of C. On the other hand, the subgroup schemes A[p n ] of abelian varieties A over Q that have good reduction outside l and acquire semi-stable reduction at l over some tamely ramified extension, are objects of C and need not be objects of D. 2. Constant and diagonalizable group schemes of p-power order are objects of D and hence of C. So are certain twists of these group schemes that are unramified outside l. Here are some explicit examples: let n ≥ 0 and V = (Z/pZ) n . For any representation ̺ : Gal(Q/Q) −→ GL(V ) we obtain a Galois module with underlying group V . If ̺ is unramified outside l and infinity, this module is the group of points of a group scheme V (̺) that isétale over Z[ l ]. If ρ at most tamely ramified at l, the group scheme V (̺) is an object of C.
For intance, taking V = (Z/pZ) l−1 and ̺ : Gal(Q(ζ l )/Q) −→ GL(V ) the permutation representation, we obtain an object of C whose points generate the field Q(ζ l ). Another example is given by V = (Z/pZ) 2 and ̺ a homomorphism
This time the group scheme V (̺) is an object in D, because (̺(σ) − id) 2 = 0 for all σ. For this twist to be non-trivial, it is necessary that l ≡ 1 (mod p). Taking Cartier duals we obtain unramified twists of diagonalizable group schemes that are objects in C and D respectively.
3.
Cartier duals of objects in D are also in D. Any closed flat subgroup scheme and any quotient by such a group scheme of an object in D is again in D. The product of any two objects in D is again in D. It follows from the definition of the Baer sum that if G 1 and G 2 are objects in D, then the extension classes of G 1 by G 2 that are themselves objects of D make up a subgroup Ext
of the group Ext
of all extensions of G 1 by G 2 in the category Gr. All these remarks also hold for the category C, but an extension G of an object G 1 ∈ C by another G 2 ∈ C is automatically an object of C. In other words Ext
Indeed, there is some exponent e that is prime to l and has the property that for all primes l over l and all σ ∈ I l , the automorphism σ e acts trivially on the points of G 1 and G 2 . It follows that for some s ≥ 0, the automorphism σ ep s acts trivially on the points of G. This implies that any inertia group I l acts through its tame quotient.
It is in general not true that Ext
It is true however when the inertia groups I l act trivially on the points of G 1 and G 2 . We have for instance that Ext
Since D is closed under the formation of products, closed subgroup schemes and quotients by closed flat subgroup schemes, there is for every short exact sequence 0
The contravariant version of this statement is also true. [9, Interlude 8.7 ] some explicit extensions of Z/pZ by µ p . These are objects in D. We specialize their construction to our situation. For any unit ε ∈ Z[
N. Katz and B. Mazur construct in their book
* they define a finite flat p-group scheme G ε over Z[ We conclude this section by giving an explicit example of an object in D and an extension of it by itself that is not in D. It plays no role in the rest of this paper. See section 7 for a similar example. We take l = 7 and p = 2. The elliptic curve E given by the equation 
. There is only one prime over 7 in L and its inertia group is Gal(L/Q(i)). It is cyclic of order 4. The square of a generator σ commutes with the endomorphisms of E. Therefore it respects the eigenspaces of the squares of the two endomorphism of E of degree 2. Since its determinant is a square in (Z/4Z) * , it is equal to 1. It follows that σ 2 acts as a scalar matrix on E [4] . If it were true that (σ − id) 2 = 0, then 2σ = σ 2 + id on E [4] and hence σ would act a scalar on E [2] . Since this is not the case, the group scheme E [4] is not an object in the category D.
Two criteria.
In this section we formulate criteria for Theorems 1.1 and 1.3 to hold. Let l and p be two distinct primes. A simple object in any of the categories Gr, C or D of the previous section is an object in that category that does not admit any non-trivial closed flat subgroup schemes.
Proposition 3.1. Let l be a prime and suppose there exists a prime p = l for which -the only simple objects in the category D are Z/pZ and µ p ;
-Ext
Then there do not exist any non-zero abelian varieties over Q that have good reduction at every prime different from l and are semi-stable at l.
Proof. The proof is very similar to the one in [7, section 3.4.3] . We briefly sketch it. Let A be a g-dimensional abelian variety over Q that has good reduction at every prime different from l and semi-stable reduction at l. Let n ≥ 1 and consider the closed subgroup scheme
. This is an object of the category D. We filter A[p n ] with flat closed subgroup schemes and successive simple subquotients. The simple steps are by assumption isomorphic to Z/pZ and µ p . By the second assumption, any extension
. Therefore we can modify the filtration and obtain for every n ≥ 1 an exact sequence of finite flat Z[
with M n an extension of group schemes isomorphic to µ p and C n an extension of copies of Z/pZ. The fundamental group of Z[
] acts on the points of C n , and it does so through a finite p-group P . Since the maximal abelian extension of Q that is unramified outside l · ∞ is contained in the cyclic extension Q(ζ l ), the group P/P ′ is cyclic. This implies that P itself is cyclic. It follows that C n becomes constant over the ring Z[ , ζ l ] and let k p denote its residue field. The abelian variety A/M n has at least #C n rational points modulo p. Since A/M n is isogenous to A, it has the same number of points as A modulo p. This implies that #C n ≤ #A(k p ). Similarly, the abelian variety A dual /C ∨ n has at least #M ∨ n points modulo p. Here G ∨ denotes the Cartier dual of a finite group scheme G. Since A dual /C ∨ n is also isogenous to A, we see that #M n = #M ∨ n ≤ #A(k p ). However, the product of the orders of M n and C n is equal to #A[p n ] = p 2ng . This leads to a contradiction when n → ∞ unless g = 0. This proves the proposition. Proposition 3.2. Let l be a prime and suppose there exists a prime p = l for which -the only simple objects in the category C are Z/pZ and µ p ; -Ext
Then there do not exist any non-zero abelian varieties over Q that have good reduction at every prime different from l and acquire semi-stable reduction at l over a tamely ramified extension.
Proof. The proof is similar to the proof of the previous proposition. This time the group scheme A[p n ] is an object of the category C. We leave the proof to the reader.
Extensions of
].
The criteria of the previous section involve the group Ext 1 (µ p , Z/pZ) and the simple objects in the categories D or C. We discuss the simple objects in the next section. In this section we fix two distinct primes l and p and determine the extensions of the group scheme µ p by Z/pZ over the ring Z[ 
Proof. Note that
≡ 0 (mod p) is just a compact way of saying that l ≡ ±1 (mod p) when p ≥ 5, that l ≡ ±1 (mod 9) when p = 3 and that l ≡ ±1 (mod 8) when p = 2. We work with the following base rings and invoke the Mayer-Vietoris exact sequence of [16, Prop.2.4] .
Since µ p is connected, while Z/pZ isétale, the group Hom
is an isomorphism. More precisely, both groups are zero when p is odd, while they both have order 2 when p = 2. Finally, the group Ext 
Next we adjoin the p-th roots of unity. Let ∆ denote the Galois group of Z[
It acts naturally on the group Ext
Since ∆ has order prime to p, the extensions over the ring Z[ , ζ p ] contains ζ p , the groups Ext
are isomorphic! However, under this isomorphism the ∆-invariant extensions of µ p by Z/pZ correspond to the extensions that are contained in the ω 2 -eigenspace Ext
Mutatis mutandis, the same holds for Q p and its extension Q p (ζ p ). Here ω : ∆ −→ Z * p denotes the cyclotomic (or Teichmüller) character and M ω 2 denotes the ω 2 -eigenspace of a Z p [∆]-module M . These considerations lead to the exact sequence
We use the exact sequence 0 → Z → Z → Z/pZ → 0 to express the two groups Ext
is the fundamental
The Kummer sequences over the rings Z[
We take ω 
When p = 2, the group ∆ is trivial and ω = 1. The middle and rightmost groups in the exact sequence ( * ) are each of dimension 3 over F 2 . The middle one is generated by 2, −1 and l while the rightmost group is generated by 2, −1 and 5. This implies that the extension group on the left is cyclic of order 2 when ±l is a 2-adic square, i.e. when l ≡ ±1 (mod 8), while it is trivial otherwise. When p = 3, the group ∆ has order 2, so that the ω 2 -eigenspace is simply the group of ∆-invariants. The middle and rightmost groups in the sequence ( * ) are each of dimension 2 over F 3 . The middle one is generated by 3 and l, while the rightmost one is generated by 3 and the unit 4. This implies that the group Ext
space when l is a 3-adic cube, i.e. when l ≡ ±1 (mod 9), while it is zero otherwise.
When p ≥ 5, we first compute the group in the middle of the exact sequence ( * ). Consider the natural exact sequence
Here v is the map that sends a unit ε ∈ Z[
that lie over l. We tensor with Z p and take ω 2 -eigenspaces. By Herbrand's Theorem, the ω 2 -eigenspace of the p-part of the class group of Z[
Therefore we obtain a three term exact sequence. It is Z p -split, because the rightmost term is free over Z p . Taking quotients by p-th powers we obtain therefore the following exact sequence of ω 2 -eigenspaces.
Identifying the Galois group ∆ with (Z/pZ) * via its action on µ p , the This proves the proposition.
Simple objects in the categories C and D.
Let l and p be distinct primes. In this section we give two criteria for Z/pZ and µ p to be the only simple objects in the categories C and D of p-group schemes over Z[
] that were introduced in section 2. For any prime q, the q-adic valuation v q is normalized by putting v q (q) = 1.
Proposition 5.1. Let l and p be distinct primes. When p divides l − 1, we let F denote the degree p subfield F of Q(ζ l ). When not, we put F = Q. Suppose that there does not exist a Galois extension L of Q for which each of the following four conditions holds.
-the field
⊂ L is unramified at all primes not lying over p;
is not a p-power; Then the only simple objects in the category D are the group schemes Z/pZ and µ p .
Proof. Let G be a simple object of D. When p = 2, we put
Here G l and G −1 denote the Katz-Mazur group schemes of section 2. When p = 2 we put
Here V (̺) is the twisted constant group scheme introduced in section 2 with V = (Z/pZ) 2 and
of order p when l ≡ 1 (mod p) and trivial otherwise. The points of V (̺) generate the field F . Let L be the extension of Q generated by the points of G ′ . It is Galois over Q and by construction the first condition of the proposition is satisfied.
Since the group scheme G ′ is a product of objects in D, it is itself an object in D. Therefore we know that (σ − id) 2 = 0 on G ′ (Q) for every σ in the inertia subgroup I l of any of the primes l over l. Since G is simple, it is killed by p. Therefore G ′ is also killed by p and we have that σ p = id on G ′ (Q). Since tame ramification groups are cyclic, it follows that the ramification indices of the primes over l divide p. Since the ramification indices of the primes over l in the subfield F (ζ 2p , p √ l) are actually equal to p, the field L must be unramified over F (ζ 2p , p √ l) and hence the second condition is satisfied. The estimates of Abraškin and Fontaine [1, 7] for the ramification at the prime p imply that the third condition is satisfied. Therefore [L : Q(ζ p )] is a power of p.
The subgroup Gal(Q/Q(ζ p )) of Gal(Q/Q) acts on the group of points G(Q) through the finite p-group Gal(L/Q(ζ p )). Since G(Q) is a simple Galois module of p-power order, it is fixed by Gal(L/Q(ζ p )). Therefore Gal(Q/Q) acts on G(Q) through the group ∆ = Gal(Q(ζ p )/Q) of order p − 1. The group G(Q) is a product of eigenspaces. Since G is simple and since the p − 1-st roots of unity are in F p , the group G(Q) is itself equal to one of the eigenspaces and has dimension 1 over F p . It follows that G has order p. Since p is prime in the ring Z[ 1 l ], the classification of Oort-Tate [19] implies that G ∼ = Z/pZ or µ p possibly twisted by a character χ that is unramified outside l. Such a character necessarily has order dividing p − 1. However since G is an object of D, the ramification index at l must be a power of p as well. Therefore χ is an everywhere unramified character of Q and is hence trivial. This proves the theorem.
The following theorem is a variant of Proposition 5.1. Although the conditions appear to be similar to those of Prop. 5.1, they are much stronger. In the course of the proof we'll see that they imply that either l or p is equal to 2. In section 6 we apply Proposition 5.2 only to the pairs (l, p) = (2, 3), (3, 2) and (5, 2).
Proposition 5.2. Let l and p be distinct primes. Suppose that there does not exist a Galois extension L of Q for which the following five conditions hold.
-the field Q(ζ 2p , ζ l ,
is contained in L; -the field L is unramified outside pl and infinity.
-the l-adic valuation of the root discriminant δ L of L is strictly smaller than 1;
is not a p-power; Then the only simple objects in the category C are the group schemes Z/pZ and µ p .
Proof. The proof is similar to the one of Prop. 5.1, except that we also multiply the group scheme G ′ that occurs there with a twisted constant group scheme of the type that occurs in part 2 of section 2. More precisely, we multiply G ′ by V = (Z/pZ) l−1 twisted by the permutation representation ̺ : Gal(Q(ζ l )/Q) −→ GL(V ). The points of V (̺) generate the fidel Q(ζ l ). Therefore the field L generated by the points of G ′ satisfies the first condition. The group scheme G ′ is killed by p. It is not necessarily an object of D, but it is still an object of C. The second condition follows from the fact that G ′ is a p-group scheme over Z[
The third condition is satisfied because the inertia groups I l of the primes l over l act tamely on the points of G ′ , so that the l-adic contribution to the root discriminant of L is of the form l (e−1)/e where e is the ramification index e of any of the primes over l. The fourth condition is verified by the theorem of Abraškin-Fontaine. Since the first four conditions are satisfied, the degree [L : Q(ζ p )] must be a power of p. Arguments similar to those used to prove the previous proposition show that any simple object of the category C is isomorphic to Z/pZ or µ p possibly twisted by a character χ that is unramified outside l.
The order of such a character necessarily divides l − 1 as well as p − 1. Since ζ l ∈ L, the degree l − 1 = [Q(ζ p , ζ l ) : Q(ζ p )] is a power of p. It follows that either l = 2 or that p = 2 and l is a Fermat prime. In either case we have that gcd(l − 1, p − 1) = 1, so that there are no non-trivial twists of Z/pZ or µ p by a character that is unramified outside l. This proves the proposition.
Odlyzko bounds and class field theory.
In this section we prove Theorems 1.1 and Theorem 1.3. We first deal with Theorem 1.3 and check the conditions of Prop.3.2 for the pairs of primes (l, p) = (2, 3), (3, 2) and (5, 2). Since in each case we have that ] is necessarily trivial. This leaves us with the second part of the criterion. We check it, case by case, using Proposition 5. 2 We recall that the root discriminant of a number field K of degree n is the n-th root of the absolute value of its absolute discriminant. The second, third and fourth property of the number field L that occurs Proposition 5.2 imply that the root discriminant δ L satisfies δ L < lp
We proceed case by case. The strategy is to deduce from the first four properties of the field L of Prop. 5.2 that the degree [L : Q(ζ p )] is necessarily a power of p. 
2) is at most 3. If it were 2, then the quadratic extension K ⊂ L would only be ramified at 3. But K does not admit a quadratic extension that is unramified outside the unique prime over 3. This follows from class field theory because the class number of K is 1 and the multiplicative group F * 3 of the residue field of the unique prime over 3 is generated by the global unit −1. This proves that [L : Q(ζ 3 )] is a power of 3 as required.
Odlyzko's bounds imply that [L : Q] < 32. Therefore the degree of L over Q(i, √ −3) = Q(ζ 12 ) is at most 7. Let π = Gal(L/Q). Since the 2-adic valuation of the root discriminant of Q(ζ 24 ) is not strictly smaller than 2, the field Q(ζ 12 ) is the largest abelian extension of Q inside L. It is the fixed field of the commutator subgroup π ′ of π. The field Q(ζ 12 ) admits no everywhere unramified extension. Moreover, ζ 3 generates the multiplicative group F * 4 of the residue field of the unique prime over 2 in k while the multiplicative group F * 9 of the residue field of the unique prime over 3 is a 2-group. It follows from class field theory that π ′ /π ′′ is a 2-group. Step 1. The field K is contained in the ray class field i) 3 cannot be quadratic. In addition, χ 2 has conductor divisible by (1 − i) 2 . It follows from the conductor discriminant formula that the 2-adic valuation of the root discriminant of the field cut out by χ is at least 2 which is impossible. Therefore a ≤ 2 and K is contained in F 2(1−ζ 5 ) as required.
Step 2. The ray class field Step 3. The group π ′′ /π ′′′ is a 2-group. Proof. The Odlyzko bounds imply that the absolute degree of the Hilbert class field of F 2(1−ζ 5 ) is at most 46. Since F 2(1−ζ 5 ) has degree 32 over Q, it therefore admits no everywhere unramified extension inside L. The same is true for the three quadratic extensions of Q(ζ 20 ) contained in F 2(1−ζ 5 ) . The prime over 2 is totally ramified in F 2(1−ζ 5 ) . Since Now we prove Theorem 1.1. Since we already proved Theorem 1.3, there is nothing left to be done for the primes l = 2, 3 and 5. We deal with the primes 7 and 13 by checking the conditions of Proposition 5.1 for the pairs (l, p) = (7, 3) and (13, 2) . Since in each case we have that
24 ≡ 0 (mod p), Proposition 4.1 applies and we only need to show that the simple objects in the category D are Z/pZ and µ p . This is proved by applying Proposition 5.1. The first three properties of the number field L that occurs in this proposition imply that the ramification index of any of the primes over l in L is at most p and that the root discriminant δ L satisfies
We show that they imply that the field L is necessarily of p-power degree over Q(ζ p ).
Case l = 7, p = 3. In this case the field F of Prop. 5.1 is equal to Q(ζ 7 
is at most 14. In particular, π = Gal(L/K) is a solvable group. Since 7 ≡ 1 (mod 3), the field
is a cubic extension of conductor 3 · 7 of Q(ζ 3 ). It follows from the conductor discriminant formula and the relative discriminant formula that the root discriminant of K is equal to 3 7/6 7 2/3 = 13.18 . . .. By Odlyzko's bounds, any unramified extension of K has relative degree at most 42/18. This implies that K admits at most an unramified quadratic extension H. By group theory such a field H would be the composite of K with an unramified quadratic extension of Q(ζ 3 ). This implies that K = H. There lies only one prime p over 3 in K. Its residue field has 27 elements. It is easily seen that its unit group is generated by the global units −1 and ζ 7 + ζ −1 7 . It follows therefore from class field theory that there is no abelian extension of K inside L that is at most tamely ramified at the prime over 3. This implies that π/π ′ is a 3-group. If [π : π ′ ] = 1 or 9, we are done. Suppose that [π : π ′ ] = 3 and let p a be the conductor of the corresponding cubic extension K ′ of K. By the conductor discrimiannt formula, the root discriminant of K ′ is equal to 3 a/9+7/6 7 2/3 . Since it is strictly smaller than 3 3/2 7 2/3 , we must have that a = 2. This implies that the root dsicriminant of K ′ is 3 25/18 7 2/3 = 16.82 . . .. Odlyzko's bounds imply that any unramified extension of K ′ has relative degree smaller than 120/36 < 4. The field K ′ does not admit a quadratic extension that is at most tamely ramified at the prime over 3 for the same reasons as above. It follows that [L :
] is a power of 3, as required.
. This implies that π/π ′ is isomorphic to the Klein four group. The class number of Q(i, √ 13) is 1 and since F * 4 is generated by the global unit η = (3 + √ 13)/2, the ray class field of Q(i, √ 13) of conductor (1 + i) is trivial. By class field theory π ′ /π ′′ is a 2-group. Suppose that χ is a quadratic character of π ′ /π ′′ . Then cond(χ) = (1 + i) a for some a ≤ 2. Since v 2 (δ L ) < 2, we have a ≤ 3. Since there are no quadratic characters of conductor (1 + i) 3 we must have that a = 2. Since the unit i is not congruent to 1 modulo (1 + i) 2 , the ray class field of conductor (1 + i) 2 has degree 2 over Q(i, √ 13). It is the field generated by √ η. Any larger abelian extension of Q(i, √ 13) inside L has relative discriminant at least (i + 1) 2+3+3 and hence root discriminant at least 4 √ 13. This is impossible and hence π ′ /π ′′ has order at most 2.
If #π ′ /π ′′ = 1, it follows that π ′ = 1 and hence that π is a 2-group. If #π ′ /π ′′ = 2, we know that K = Q(i, √ 13, √ η) is the fixed field of π ′′ and that π ′′ /π ′′′ has odd order. However, K admits no odd degree abelian extensions inside L. Indeed, δ K is equal to 2 3/2 √ 13 = 10.198 . . . so that Odlyzko's bounds imply that the absolute degree of its Hilbert class field is at most 22. Since [K : Q] = 8, this implies that the class number of K is at most 2. Since the residue field of the unique prime p over 2 in F is equal to the residue field F 4 of the prime i + 1 in Q(i, √ 13), the ray class field of K of conductor p is equal to K itself. This implies that K = L and that [L : Q] is a power of 2 as required.
7. The case l = 11. In this section we prove Theorem 1.2. The modular curve X 0 (11) has genus 1 and is given by the equation
Its Jacobian E = J 0 (11) is semi-stable and has good reduction at every prime except at l = 11. We take p = 2 and study p-group schemes over Z[ Proof. We modify the proof of Proposition 5.1. Let G be simple and let G ′ be the product of G by E [2] and by the Katz-Mazur group schemes G ε for the units ε = −1 and 11 of Z[ 1 11 ]. Then G ′ is killed by 2 and is again an object of D. Therefore the root discriminant δ L of the extension L generated by the points of G ′ satisfies δ L < 4 √ 11 = 13.266 . . .. Odlyzko's bounds imply that [L : Q] < 44. We have the inclusions
It follows that [L :
, the field L is abelian over Q(i, √ −11). Since the class number of Q(i, √ −11) is 1 and since the ray class field of conductor 2 of Q(i, √ −11) is F (i), class field theory implies that [L : F (i)] cannot be equal to 3 and must therefore be 1 or 2. In either case, Gal(L/F (i)) and hence Gal(L/F ) is a 2-group and hence fixes the points of the simple 2-group scheme G. Therefore Gal(Q/Q) acts on G(Q) through Gal(F/Q) ∼ = S 3 . It follows from the structure of simple F 2 [S 3 ]-modules that the Galois module G(Q) is either a group of order 2 with trivial action or is isomorphic to E [2] 
(Q).
If G has order 2, it follows that G ∼ = Z/2Z or µ 2 . If G(Q) ∼ = E [2] (Q), the inertia group I 2 of the prime over 2 acts irreducibly, so G is local-local. By Raynaud's theorem [15, section 3.3.5] the group scheme G is therefore determined by its Galois module and hence we have that G ∼ = E [2] as group schemes over Z 2 . This leads to an isomorphism of local Galois modules G( 
is split over Z 2 by the connected component. Therefore G is killed by 2 and its 2-adic Galois representation is trivial. It follows that Gal(Q/Q) acts on G(Q) through a character χ that is at most ramified at 11 · ∞. There is exactly one such χ that is non-trivial. The prime 2 is inert in the corresponding field Q( √ −11). Therefore χ = 1 and G is generically split. The Mayer-Vietoris sequence [16, Cor.2.4] implies then that G is split over Z[ 
The proof proceeds in two steps.
Step 1. The group Ext 1 D (E [2] , E [2] ) is generated by E [4] and by the extensions in D that are killed by 2. Let Γ = Gal(Q/Q) and let Ext q ab denote the q-th Ext-group in the category of abelian groups. From the spectral sequence
we deduce the following commutative diagram with exact rows Step 2. Any extension in the category D of E [2] by E[2] over Z[ 1 11 ] that is annihilated by 2, is trivial. Using Odlyzko's bounds one shows that the field F = Q( √ −11, α) has class number 1. Let π ∈ F be a prime over 2. We have that (π) 3 = (2). Let G be an extension of E[2] by E [2] that is on object in D and that is annihilated by 2. The field extension L generated by the points of G is of exponent 2 over F and is at most ramified at the primes over 2 and 11. Since G is an object in D of exponent 2, the inertia groups I 11 ⊂ Gal(L/Q) of the primes over 11, have order at most 2. Since the ramification index is equal to 2 in the extension F of Q, this implies that L is actually unramified over F at the primes over 11. By [16, Prop.6.4] , the field L is a biquadratic extension of F of conductor dividing π 2 . Since the global unit α generates the group (1 + (π))/(1 + (π 2 )) and since F admits no non-trivial unramified extensions, class field theory implies that F = L. Therefore the extension G is split as an extension of Galois modules. It follows from [16, Prop.6.4] (or rather the proof of its part (ii)) that then the extension is necessarily locally trivial. The Mayer-Vietoris sequence implies then that G is split, as required.
This proves (ii).
Note that the space Ext 
Proof of Theorem 1.1. Let A be a semi-stable abelian variety over Q with good reduction outside 11. We show that the subgroup scheme A[2] of 2-torsion points admits a filtration with successive subquotients isomorphic to E [2] . Consider an arbitrary filtration of A [2] with simple subquotients. By Prop. 7.2 (i) we obtain a filtration of the form
with G 1 an extension of group schemes isomorphic to µ 2 , with A[2]/G 2 an extension of copies of Z/2Z and G 2 /G 1 admitting a filtration with copies of E [2] . We claim that actually, there are no subquotiens isomorphic to Z/2Z or µ 2 in this filtration. Indeed, suppose that there is a subquotient isomorphic to Z/2Z. Using Prop. 7.2 (i) to 'move the subquotients that are isomorphic to Z/2Z to the right', we find that for each n ≥ 1 there is an exact sequence
with C n admitting a filtration of length n with subquotients isomorphic to Z/2Z. The fundamental group of Z[ 11 ] acts on C n (Q) through a 2-group P . Since the maximal abelian 2-extension of Q that is unramified outside 11 is the quadratic field Q( √ −11), the groups P/P ′ and hence P are cyclic and the group schemes C n become constant over the ring Z[ ]. The abelian varieties A/H n are all isogenous to A and have therefore the same number of points modulo p. On the other hand, they have at least 2 n rational points. This leads to a contradiction when n → ∞. Therefore there are no subquotients isomorphic to Z/2Z in the filtration. By Cartier duality there are none isomorphic to µ 2 either.
It follows that A[2 n ] is filtered with group schemes isomorphic to E [2] . Since E has no complex multiplication, Tate's theorem [18] implies that the endomorphism ring of the 2-divisible group G of E is isomorphic to Z 2 . An application of Theorem 8.3 of the next section to the 2-divisible group H of A over the ring O = Z[ 1 11 ] shows that the 2-divisible groups of A and E g are isomorphic. By Faltings' theorem [6] this implies that A is isogenous to E g as required.
8. p-divisible groups.
The main result of this section is Theorem 8.3. It is a general result about p-divisible groups, used in section 7 of this paper. See [14, 17] for related statements.
Let O be a Noetherian domain of characteristic 0, let p be a prime and let D be a full subcategory of the category of p-group schemes over O that is closed under taking products, closed flat subgroup schemes and quotients by closed flat subgroup schemes. In section 7, Theorem 8.3 is applied to the category D that was introduced in section 2.
We first prove a Lemma.
Lemma 8.1. Let G = {G n } be a p-divisible group over O. Suppose that R = End(G) is a discrete valuation ring with uniformizer π and residue field k = R/πR. Suppose that -every group scheme G n is an object in the category D; -the map Proof. Suppose that 0 = f ∈ R has G[π k ] in its kernel. Let F be an algebraic closure of the quotient field F of O and let T denote the injective limit of the groups of points G n (F ). For n ≥ 1 let f n denote the induced map G n (F ) −→ G n (F ) and let f ind : T → T be the limit. We have a commutative diagram with exact rows
Since G[π n ](F ) ⊂ ker(f ind ), there exists a Galois equivariant homomorphism h : T −→ T for which h · π k = f ind . The map h is the limit of a system of compatible homomorphisms h n : G n (F ) −→ G n (F ). Let T p G denote the Tate module of G and let h inv : T p G −→ T p G denote the inverse limit of the h n . Writing f inv for the inverse limit of the f n , we have that h inv · π k = f inv . It follows from Tate's Theorem [18] that f is divisible by π k in R. This shows that the maps in (i) are injective. To the infinite commutative diagram with exact columns
